Any kind of quantum resource useful in different information processing tasks is vulnerable to several types of environmental noise. Here we study the behaviour of quantum correlations such as entanglement and steering in two-qubit systems under the application of the generalised amplitude damping channel and propose some protocols towards preserving them under this type of noise. First, we employ the technique of weak measurement and reversal for the purpose of preservation of correlations. We then show how the evolution under the channel action can be seen as an unitary process. We use the technique of weak measurement and most general form of selective positive operator valued measure (POVM) to achieve preservation of correlations for a significantly large range of parameter values.
I. INTRODUCTION
Non-local features of quantum correlations enable us to perform various information processing tasks, such as quantum teleportation [1] , super dense coding [2] , quantum error correction [3] , device-independent quantum key distribution [4] [5] [6] . While practically implementing such tasks, there is always an interaction of the concerned quantum system with some noisy environment. This interactions diminish the quantum correlations present in the state under consideration, in general. So it is one of the most important jobs in any information processing task to preserve the quantum correlation in presence of noisy environment, at least by some amount. This is the general philosophy for controlling decoherence of a system.
There are various well-known forms of decohence, modelled by, the depolarising channel, dephasing channel, amplitude damping channel (ADC), generalised amplitude damping channel (GADC), and so on [7] [8] [9] [10] [11] . It has been shown that it can never be possible to enhance quantum correlation in two-qubit system by unital operations, whereas for some initial states it might be possible to enhance or generate quantum correlation when the interaction is taking place through some non-unital channel [12] . For example, interaction through amplitude damping channel can enhance the teleportation fidelity for a particular class of two-qubit entangled state [13, 14] . On the other hand, using the technique of weak measurement, one can improve the fidelity of teleportation [15] as well as the secret key rate for one-sided device independent key distribution (1-SDIKD) [16] , while the interaction is taking place through the ADC.
There exist other ways to protect quantum correlations from environmental noise, such as by employing quantum Zeno effect [17, 18] , frequent unitary interruptions (bangbang pulse) [19] [20] [21] [22] , strong continuous coupling [23] [24] [25] , etc. In the present work, we focus on the problem of preservation of quantum correlation under the decoherence arising from the action of the generalised amplitude damping channel. Note that all of the aforesaid decoherence control process are dynamical in nature: one needs to follow the dynamics of the system in order to implement each such control process. On the other hand, the environment action, considered in the present work is of static nature and hence the aforesaid decoherence controlling mechanism will not work, in general, for our case.
In quantum information theory, there exists mainly three types of nonlocal correlations for multipartite systems, namely entanglemet [26] , steering [27] [28] [29] [30] [31] [32] and Bellnonlocality [33] [34] [35] . In 1935, the concept of entanglement was first introduced to explain the famous EPR paradox [26] . In the same year, this paradox was revisited by Scrödinger and was interpreted with the introduction of another stricter form of quantum correlation for pure states, termed as steerability [27] . Much later, this concept was generalised for mixed states [29, 30] . Meanwhile, John Bell introduced the idea of Bell-nonlocality [33] which is the strongest form of quantum correlation known so far.
Here, we confine our studies within the first two types of quantum correlations, namely, entanglement and steering. Each of these two correlations decreases under the action of generalised amplitude damping channel which is a non-unital channel. Now, for the purpose of preservation of non-local correlation, we start with pure (maximally and non-maximally) entangled states, and first employ the technique of weak measurement which has been used in case of the standard ADC [16] . In the case of weak measurement, as first proposed in [36] , the interaction between the system and the apparatus is taken to be very weak, along with two measurements termed as pre-selection and post-selection [37] . To use weak measurement as a procedure for preservation of correlations in a quantum state, one has to do the weak measurement, and the reverse weak measurement to be followed at the end of the protocol. The procedure of weak measurement has been used in a huge number of protocols to study different interesting phenomena in quantum theory, such as spin Hall effect [38] , wave particle duality using cavity-QED experiments [39] , superluminal propagation of light [40, 41] , direct measurement of the quantum wave function [42] , measurement of ultrasmall time delays of light [43] , observing Bohmian trajectories of photons [44, 45] and also for detection of entanglement with minimal resources [46] .
Next, to make the technique of preservation of nonlocal correlations more general for environmental noise, we find the unitary dialation corresponding to the completely positive trace-preserving evolution of the GADC, starting from its known Kraus representation [47] . After finding the inverse of this unitary, we construct the most general form of operator-sum representation (Kraus representation) of an approximate inverse map, which is not unique. Employing these Kraus operators individually as the elements of a POVM, we show that it is possible to preserve the correlations of the initial state up to certain extents for a broad range of state parameter and damping coefficients. It should be noted that in all the cases one has to employ selective POVM, as non-selective POVM corresponds to an unitary evolution, and under local unitary it is not possible to generate or enhance any kind of quantum correlation [48] . Although our method (to be described in Sec. (IV) below) may appear to be quite specific towards tackling the noise of GADC, nevertheless, as a method, it has a general appeal in the sense that it can, in principle, be applicable to any noise model -provided we have the prior information about the noise model.
Our paper is arranged in the following way. After the introduction, we first discuss the preliminary definitions related to our protocol and the technical tools that we will to use in the rest of the analysis, in Sec. (II). In Sec.
(III), we discuss our first approach for the preservation of quantum correlation using the technique of weak measurement. In the following Sec. (IV), we propose another more general protocol for the preservation of quantum correlations considering GADC as a unitary evolution. In Sec. (V), we summarize our work, and give a brief discussion about some future directions of the work.
II. BACKGROUND
Any quantum state that can be written as a convex mixture of product states of its own subsystems, is termed as a separable state. Now any state that can not be expressed in this form, is an entangled state, i.e. for a bipartite entangled state ρ E AB , one can write,
for any ρ i A and ρ i B , the states corresponding to the subsystems A and B respectively. In this scenario, both the sides of the bipartite state, are trusted by each other. There are various ways to detect entanglement in a given biparite state, along with its quantification [49] . For the purpose of this problem, we consider concurrence as the measure of entanglement [50] . Concurrence of a given bipartite state ρ AB is defined as (2) with, λ 1 , λ 2 , λ 3 , λ 4 being the eigenvalues of the matrix ρ f in the descending order, with ρ f = ρ AB .ρ AB (ρ AB = (σ y ⊗ σ y ).ρ AB .(σ y ⊗ σ y ), σ y being the Pauli Ymatrix). Now let us briefly discuss about another quantum correlation, termed as quantum steering which is a stronger form of quantum correlation than entanglement. In this scenario, one side (say, A) is untrusted i.e., the dimension of the subsystem A is completely uncharacterised. If A can convince B by local operation and classical communication (LOCC), that they are sharing an entangled state, then the state shared between them is said to be a steerable state. Here we consider the steering scenario, in which A performs two black-box dichotomic measurements A 0 and A 1 and B performs two qubit-measurements in mutually unbiased bases, given by B 0 (= σ z ) and B 1 (= σ x ). Then the necessary and sufficient condition for quantum steering [51] can be written in terms of an inequality (also termed as ACHSH inequality for steering) as stated below.
with, A x B y = a,b (−1) a⊕b p(ab|xy). We will be considering the inequality given in Eq.(3) for the certification of steerability in this paper.
In this paper, we study the bahaviour of the aforesaid two quantum correlations (entanglement and steering) under the application of environmental noise expressed in the form of generalised amplitude damping. GADC can be obtained by solving the optical master equation in presence of a squeezed thermal bath and this channel describes the effect of environmental dissipation in a finite temperature bath. The Kraus operators of the corresponding channel are given by,
where, ν ∈ [0, 1] is related to the temperature of the bath and η ∈ [0, 1] is the parameter representing the rate of dissipation due to the bath action. Note that, for ν = 1,
Comparison of concurrence while the initial state is taken to be the antiparallel state,
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(For individual plots, ν, η, w and r have been kept fixed.)
the Kraus representation in Eq.(4) traces down to that of an ADC, for which the environment is assumed to be at zero temperature. The GADC Λ is acting here on one of the qubits of a two-qubit state
In previous works, it has been shown that, it is possible to subdue the effect of environmental interaction through ADC by the application of the technique of weak measurement and its reversal [15, 16] . In the similar way, in this paper, we first study the effect of weak measurement technique when the environmental interaction is taking place through GADC. Here, before the environmental interaction takes place with the particle in consideration (say, B) of the bipartite system AB, weak measurement (WM) with a strength w is performed on the same. Basically in this case, the detector detects the system with probability w if and only if the state of B is in |1 (= 0 1 ) and hence the measurement operator W 1 corresponding to this scenario is given as,
Note that, the matrix in Eq. (6) is singular. Hence this is not effective to implement for the reverse weak measurement. So, for the purpose of weak measurement, we consider the measurement operator corresponding to the scenario when the system is not detected by the measuring apparatus. The measurement operator W 0 corresponding to this situation can be evaluated by using the relation,
As the matrix in Eq. (7) is a reversible one, application of the inverse of it leads back the system to its original state. According to the our protocol, after the weak measurement is done, the particle in consideration interacts with the environment through the GADC and lastly reverse weak measurement (RWM) is done on the same. The Kraus opearator corresponding to the reverse weak measurement is gievn below.
where, r is the strength of the reverse weak measurement (we consider it different from the weak measurement strength w to make sure that there is a freedom of choice for different efficiencies of weak and reverse weak measurement). After the implementation of the technique of weak measurement, now we propose another, our more general approach for the purpose of preservation of steering and entanglement of the bipartite state while interacting with environment through GADC. Here we consider the unitary dilation corresponding to the completely positive trace preserving (CPTP) map described by the GADC.
The unitary dilation corresponding to the Kraus operator representation given in Eq.(4), is not unique and can be obtained considering a two-qubit ancilla for the action of GADC on each side of the two-qubit system. The action of this unitary (say, U SB ) on the initial state of system (B) plus ancilla (S) gives the state after the environmental interaction taken place through GADC. In the next step, we find the inverse of this unitary (U −1 SB ) from which one can find the corresponding Kraus operator representation of the evolution. These individual Kraus operators can be consid ered as elements of the most general POVM [52] . Employing the selective POVM, obtained corresponding to the inverse map, either before or after the action of the GADC, we study the concurrence and the steerability of the final state.
III. EMPLOYING THE TECHNIQUE OF WEAK MEASUREMENT
As described in the previous section, here we consider that only one side of the bipartite system is interacting with the environment. We study two cases described in the flowchart given below.
where K i 's, W 0 and R 0 are given in Eq. (4), (7) and (8) respectively. Note that comparison of steerability and concurrence between the states ρ AB and ρ AB gives the idea about the fact whether the technique of weak measurement is useful for the preservation of quantum correlation. In the whole paper, we consider either pure anti-parallel entangled state (|ψ ± ψ ± |) or pure parallel entangled state (|φ ± φ ± |) in computational basis as the initial state (ρ AB ) for all the protocols, where,
In the above cases one must have α 2 +β 2 = 1, to fulfil the demand of normalisation. It is evident from Fig.(1) , the correlations (entanglement and steering) show a certain amount of improvement for a section of pure states (for some values of state parameter α) under the application of weak measurement technique. Note that, the plots in Fig.(1) are corresponding to a particular set of values of the GADC parameters, ν and η. It can be seen that for some other set of values for the channel parameter ν and η, it is possible to preserve both the correlations under the application of weak measurement corresponding to different weak measurement strength w and reverse weak measurement strength r. But the range of channel parameters for this technique showing any improvement is quite small. So in the next section we propose a more general approach for the preservation of quantum correlation using the selective POVM. This approach is general in the sense that it deals with the unitary dilation of the GADC, whic h is not unique. This gives us the freedom to choose the suitable POVM that preserves the correlation maximally.
IV. PRESERVING THE CORRELATION CONSIDERING A UNITARY DILATION OF GADC
It is an well-known fact that any quantum channel that corresponds to a physical process can be seen as a CPTP evolution. In this section we try to obtain the unitary dialation of the CPTP evolution corresponding to the GADC and use the same for the purpose of preservation of entanglement and steerability.
A. To find the unitary dialation and its inverse
Let us start by considering a general CPTP map given as N : B(H S ) → B(H S ), with H S being the d dimensional Hilbert space associated with a given quamtum system S and B(H s ) represents the set of all bounded linear operators, A : H S → H S . It is obvious that N has an operator-sum representation (or, Kraus representation) expressed as,
being a finite positive integer) with the Kraus operators
. Now, let us consider an ancilla system B whose associated Hilbert space
be an orthonormal basis (ONB) for H S while {|i B } M i=1 be an ONB for H B . Our aim i s to find a dM ×dM unitary matrix U SB which corresponds to the map N such that,
Alternatively, for every A ∈ B(H S ) (thus, A can also be a density matrix of S), one can write,
Note that, for a given CPTP map, its unitary dilation given by the matrix U SB is not unique. The (αi, β1)-entry of the matrix can be obtained in the following way,
For a given set of Kraus operators, = (u 11,d1 , u 12,d1 , ..., u 1M,d1 , u 21,d1 , u 22,d1 , . ..,
Thus, we obtain an incomplete ONB { − →
At this point, we use the method of basis extension to extend this incomplete ONB given in Eq. (14) to form the complete ONB { − →
for H S ⊗ H B and eventually to construct the unitary matrix U SB . The procedure of basis expansion is not unique, but it is restricted by two conditions: i) all the column vectors of U SB should be orthogonal to each other and ii) the individual columns must be normalised. Taking these two constraints into consideration one can construct different f orms of U SB starting from Eq. (14), all of which represents the same CPTP map N that we have started with. Now, let us consider the Kraus representation of GADC (expressed in the computational basis) given in Eq. (4) and the evolution of ρ AB is given by, Eq. (5). Hence, in this particular scenario of environmental interaction through GADC, we have M = 4 and d = 2. Thus, in this case, the unitary matrix U SB must be of dimension 8 × 8. Following the technique mentioned above in Eq. (13), we find only two columns of the 8 × 8 unitary, which are − → u 11 and − → u 21 ,:
Using the method of basis expansion, and by taking care of the constraints stated previously, we construct several unitary matrices representing the noisy channel (GADC) in consideration. Note that, from Eq. (4), for ν = η = 1, the channel should represent an identity operation. Keeping all these facts in mind, in this work, we concentrate on two separate unitary evolutions corresponding to the GADC which are given in terms of the 8 × 8 matrix U SB below.
Note that, in these cases the aforesaid GADC appears as a dynamical process in time (as for example, by solving the optical master equation with the initial state of the heat bath taken to be squeezed vacuum). Our aim is to find out the Kraus operator representation of the quantum channel whose unitary dilation corresponds to the inverse of this unitary evolution. As U SB is unitary, we must have U −1 SB = U † SB . Now under the action of the inverse unitary evolution U −1 SB , the state of the system at the output end is given by, T r B [U † SB (σ S ⊗ |1 B 1|)U SB ], where σ S is the state of the system the just before the action of the inverse unitary. Now if J i for i = 1, 2, 3, 4 be the Kraus operators corresponding to the channel described by the inverse unitary, one must have,
with,
α,β=1 u * kα,lβ |l S k| ⊗ |β B α|, and so,
Using the technique mentioned above, we find out the Kraus operators (J 1 , J 2 , J 3 , J 4 ) corrresponding to the channel which is given by the inverse of the unitary U SB .
B. To preserve quantum correlation using unitary dialation
Following the procedure, mentioned above, of finding the Kraus operator representation associated to the inverse of the unitary dilation of a quantum channel, here we obtain the set of Kraus operators {J
4 } corresponding to the unitaries given in Eq. (17) and (18) respectively, which are illustrated below.
and,
Note that,
= 1 1. Let us now consider that one side (B, say) of the bipartite system AB is interacting with the environment through a GADC and hence we apply the selective POVM constructed from the individual element of the Kraus representaion. In this scenario, we consider two different cases depending upon the order of application of the POVM. Case I :
Case II :
).
For Case I, we comparitively study the concurrence and steerability of the states ρ AB and ρ pd(i) AB , whereas in Case II, the similar protocol has been followed for the states ρ AB and ρ dp(i) AB . All the comparison are demonstrated in the figures (2) , (3) and (4).
From all the plots, improvement of quantum correlations on the application of POVM can be seen, over the sole interaction with the environment through GADC. This is a more general approach than the approach discussed in the Sec (III) and improvement can be seen over a larger range of values of the damping parameters η and ν in this case. Also, finding the suitable unitary matrix U SB just by the method of basis expansion, one can identify the helpful POVM in protecting the quantum correlation, for a particular damping channel.
The motivation behind introducing the unitary dilation U SB of a quantum channel Λ (acting on S) and the quantum channel Λ (acting on S) whose unitary dilation being U −1 SB , is to nullify the action of Λ. Such a scheme will act properly provided it can be guaranteed that Λ(ρ S ) ⊗ σ 
SB , being applied before the environmental interaction and Black curves denote the same without POVM, where Green lines in the plots (iii) and (iv) denote the limit of the violation of the ACHSH inequality. (For individual plots, ν and η have been kept fixed.) hence, our method can only recover the quantum correlation of the state partially. There are decoherence controlling models in literature for the noisy channels obtained by solving the optical master equation for thermal bath [17, 19] . But for the particular case of GADC, which is obtained from squeezed thermal bath, our method of protecting quantum correlation is an effective procedure.
V. CONCLUSION
In this paper, we have dealt with the problem of preserving quantum correlations that are useful in different information processing tasks, under the action of a noisy environment. Here, we choose GADC as the environmental noise and check its effect on entanglement and steerability of an initial pure bipartite state. First, we have employed the technique of weak measurement and reversal and found that a certain amount of improvement could be achieved. But, it can also be seen that this improvement is restricted for some particular values of the damping parameters of the corresponding channel. We have next introduced another method for the preservation of correlations using a unitary dilation of the operator sum representation of the channel. Interestingly, as the choice of the unitary is not unique, it provides us the freedom to choose the inverse evolution of the unitary, and hence the Kraus operators according to our convenience. Choosing different unitaries and consequently their inverses gives us the scope to extend our scheme over a larger range of the damping parameters, thus improving the quality of preservation. Note that in the present paper we have dealt with two particular unitaries corresponding the Kraus representation of GADC for the illustration of our approach. However, it is possible to construct other unitaries taking the conditions of orthogonality and normalisation into account. As a future direction, this method can be applied to other noisy channels and the choice of this unitary can be made suitably in order to generate an optimal scheme for pr otecting quantum correlations under the action of different noisy environments.
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